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Abstract
We calculate the transverse resistive wall impedance of the LHC beam
screen, consisting of a tube of stainless steel with a thin inside layer of
copper. For this we use an algorithm for the calculation of the electro-
magnetic fields of an oscillating circular cylindrical beam surrounded by
any number of concentric layers of arbitrary material properties. The re-
sults for the impedance of the LHC beam screen and the growth rates of
the resistive-wall instability are compared with earlier calculations using
approximate formulae with wall penetration factors. The same algorithm
is also used to estimate the impedance of a beam screen in a much larger
machine, a Future Large Hadron Collider FLHC, where the penetration




The transverse resistive wall instability is one of the performance limitations of the
Large Hadron Collider LHC [1]. In order to alleviate the consequences, the beam
screen inside the LHC vacuum chamber is coated on the inside with a thin layer of
copper. Estimates of the transverse impedance and growth rates in the LHC as a func-
tion of the thickness of the Cu coating were made by Ruggiero [2]. In this report, we
use a technique developed by one of us almost 30 years ago [3] for computing the
impedance of a layered vacuum chamber, consisting of any number of layers with ar-
bitrary material properties in cylindrical geometry, and apply it to the case of the LHC,
and also to larger machines like the FLHC [4].
2 DESCRIPTION OF THE TECHNIQUE
2.1 Longitudinal Beam Oscillations
The electric field component E
z
, at circular frequency !, excited by a density mod-
ulation of a straight, circular cylindrical beam moving with ultra-relativistic velocity
parallel to any number of concentric layers forming the vacuum chamber, can be found
as solution of the Maxwell equations. In each layer, the solutions are in general infinite
series over products of (modified) Bessel functions for the radial, and exponential func-
tions for the axial direction, containing two sets of arbitrary expansion coefficients.
The only other non-zero field components are the radial electric and the azimuthal
magnetic ones, which can be obtained from E
z
by differentiation.




have to be matched, thus reducing the number of arbitrary constants by two for each
boundary. In the beam region surrounding the origin, one must take only the solution
remaining finite at the origin, thus excluding Bessel functions of the second kind. In an
outermost layer stretching to infinity, one must take only the solution remaining finite
at infinity, excluding Bessel functions of the first kind. The outermost layer may also
extend only to a perfect conductor with  !1, or to a perfect magnet with !1,
which requires a particular combination of Bessel functions and thus also reduces the
number of arbitrary constants by one.
Hence the fields in the beam region and in the outermost layer have only a single
set of coefficients. The total number of constants and constraints are thus equal, and
the solution is therefore unique. It can be obtained with the program LAWAL[5] which
has recently been converted to Mathematica.
2.2 Transverse Beam Oscillations
For the fields excited by a transversely oscillating particle beam, one can use the same
approach as that described above. However, one has to include all six field compo-
nents, rather than only three as for longitudinal oscillations. The solutions then have
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four sets of expansion coefficients in the intermediate layers, but only two in the inner-
and outermost ones. One has to match four tangential field components at each inter-
face, which again makes the solution unique.
The transverse fields can be calculated with the program LAWAT, which has been
embedded in Mathematica packages listed in the Appendix.
Table 1: Overall machine parameters for LHC and FLHC. The names of the pa-
rameters are similar to those used in the Mathematica notebooks.
Machine LHC FLHC







Tune Q 63.3 101.3
Average beta function  85 431 m







Number of bunches k
b
2835 20361
3 APPLICATION TO LHC
Tab. 1 shows the overall LHC and FLHC parameters needed for the calculation.
3.1 LHC Vacuum Chamber Parameters
A circular cylindrical particle beam of radius a
1
, with constant charge density and
moving along the axis with ultra-relativistic velocity, is surrounded by vacuum up to
radius a
2
. Then comes a beam screen consisting of an inner, thin layer of copper,





follows another region of vacuum up to radius a
5
, which is the vacuum chamber proper
that we may represent with little error by a perfect conductor.
In Tab. 2 we list, for each layer of the LHC vacuum chamber, the various materials,
their radii, and material constants: relative permeability "
i
, relative permittivity 
i
,
and electric conductivity 
i











at the revolution frequency f
0
. They are larger than the thicknesses
of these layers. The conductivity of the Cu layer takes due account of the magneto-
resistance effect at the LHC injection field B = 0:56 T.
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, material constants: rela-
tive permeability "
i




, and skin depth 
i
at the













- - mm mm - - Sm 1 mm
1 Beam 3 3 1 1 0
2 Vacuum 19 16 1 1 0
3 Cu layer 19.05 0.05 1 1 5:5  109 0.064
4 Steel screen 21.05 2.0 1 1 2  106 3.356
5 Vacuum 24.5 3.45 1 1 0
6 Outer chamber 30 5.5 1 1 1
3.2 LHC Transverse Impedance Z
?
(f)
Fig. 1 shows our result for the real and imaginary parts of the impedance of the LHC
vacuum chamber over a wide frequency range for the vacuum chamber parameters
listed in Tab. 2. Both abscissa and ordinate have logarithmic scales.






Figure 1: Decimal logarithm of real (full line) and imaginary (dashed line) parts of the
transverse impedance in 
/m of the LHC for the vacuum chamber parameters listed in
Tab. 2 on a logarithmic frequency scale from 1 to 1010 Hz
The real part of the transverse impedance<Z
?
first rises linearly with frequency at
low frequencies, then reaches a maximum, and finally decreases. For frequencies large
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compared to the frequency where the thickness of the Cu layer of the beam screen is
comparable to its skin depth, <Z
?
drops asymptotically like 1=
p
f .
The absolute value of the imaginary part of the transverse impedance j=Z
?
j is
constant for frequencies up to the neighbourhood of the frequency where <Z
?
reaches
the maximum, and then drops, essentially like 1=
p
f , up to about 107 Hz. The dip there
happens because =Z
?
changes sign. This is caused by the negative reactance of the
direct space charge term. For higher frequencies, the direct space charge contribution
dominates, and j=Z
?
j becomes again independent of frequency. If the computation is
repeated at higher values of 
0




Tabs. 3 and 4 show the variation of the transverse LHC impedance Z
?
at 1 Hz, at
the frequency ^f where <Z
?





of the Cu layer and for two thicknesses d
4
of the stainless steel layer
on the beam screen. At 1 Hz, <Z
?





constant. The frequency ^f is roughly inversely proportional to 1=d
3




is constant. Doubling the thickness of the stainless steel layer of the beam screen
has little effect on the transverse impedance at 1 Hz, the frequency ^f of the maximum
impedance d<Z
?
, and on its value there. Increasing the thickness of the vacuum layer
between the beam screen and the vacuum chamber has no effect on the impedance
either.
Table 3: Transverse LHC impedance Z
?
at 1 Hz, the frequency ^f where<Z
?
reaches
its maximum, and its value there d<Z
?
for several thicknesses d
3
of the Cu layer on a













10 3.068 1.764 574 0.8813
20 5.982 1.764 294 0.8807
30 8.886 1.764 198 0.8800
40 11.779 1.764 149 0.8793
50 14.660 1.764 119 0.8785
3.3 LHC Resistive-Wall Growth rate




















is the bunch population, k
b
is the number of bunches, r
p
is the classical proton
radius, !
0




Table 4: Transverse LHC impedance Z
?
at 1 Hz, the frequency ^f where<Z
?
reaches
its maximum, and the value there d<Z
?
for several thicknesses d
3
of the Cu layer and a













10 3.113 1.764 565 0.8807
20 6.027 1.764 292 0.8806
30 8.930 1.764 197 0.8799
40 11.823 1.764 149 0.8792
50 14.704 1.764 119 0.8785
transverse impedance at the most unstable mode,  is the usual relativistic factor, c is
the speed of light, and Z
0
is the impedance of free space.
Tab. 5 shows a comparison of the results for the product of the average -function
and the real part of the transverse impedance <Z
?
and the growth times  at injection
energy as a function of the thickness of the Cu layer for  = 85 m and two thicknesses




has been obtained[2] for the LHC case, with a cylindrical beam pipe of radius
b = a
2


















, from the following expression:
Z
?
















f is the skin depth of the i-th layer at frequency f , and 
is the wall penetration factor, defined by Ruggiero [2] for vaccum between the






































In order to obtain the growth rate (1), Eqs. (2) and (3) are evaluated at the fre-




of the lowest unstable mode.
2. Noticing that the frequencies ^f where <Z
?
reaches the maximum are usually
smaller than the frequency of the lowest unstable mode in the LHC, we also
evaluate <Z
?




, but use the
computer code LAWAT [5].
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We show our results in Tab. 5 in terms of <Z
?
and  in order to facilitate compar-
ison with Tab. 9 in [2]. The agreement between Ruggiero’s and our results with wall
penetration factors is fair. The difference between our two methods of computing the
transverse impedance and the growth time is about a percent for a Cu layer of 50 m
thickness. It increases for thinner Cu layers, and reaches  8 % and +2 %, respectively,
for 10 m thick Cu layers on 2 mm and 4 mm thick stainless steel liners. The results of
the computation for the transverse impedance and the growth time depend very little
on the thickness of the stainless steel layer.
Table 5: Comparison of the product of the average -function  = 85 m and the real




, and of the growth times  p
and  l at injection energy, computed with wall penetration factors (p) and LAWAT (l)
for several thicknesses d
3
of the Cu layer on a 2 mm and 4 mm thick beam screen.
The other parameters are shown in Tab. 2.
d
4



























 ms ms G
 G
 ms ms
10 27.17 29.39 6.24 5.77 29.56 28.97 5.74 5.86
20 15.31 15.51 11.08 10.94 15.56 15.40 10.90 11.02
30 10.49 10.49 16.17 16.17 10.52 10.44 16.12 16.25
40 7.96 7.92 20.02 21.41 7.95 7.89 21.34 21.49
50 6.42 6.37 26.43 26.64 6.39 6.35 26.53 26.71
3.4 LHC Effective Transverse Impedance Ze
?
The effective transverse impedance Ze
?
appears in the equations for the coherent be-
tatron tune shift and for the growth rate of transverse instabilities. Following [2], we
























= (n + Q)!
0






) is the normalised spectral power density for a Gaussian bunch of rms
length 
t











is the bunch length in units of length.
We avoid negative frequencies in the sum in the numerator by splitting it into two




























[(n +Q  q   1)!
0




Here, q denotes the integral part of Q. The modes are labelled such that the two
frequencies in each term are close. The whole sum includes the term at ! = Q!
0
. We
then evaluate the sum in (5) numerically up to some index n^ = 1000, found by trial





. In order to improve the convergence of the integral, we introduce the
“modified transverse impedance function” Zmod
?
by subtracting the direct transverse
space-charge impedance Zsc
?





















































































































































Here, erfc z = 1 - erf z is the complement of the error function, and  (a; z) is the
incomplete   function. Their arguments z must be real and positive.





of the Cu layer on the beam screen, computed with wall penetration

















Tab. 6 shows the real part of the effective transverse impedance Ze
?
of the LHC
vacuum chamber as function of the thickness of the Cu layer on the beam screen, com-
puted either with wall penetration factors (p) or with LAWAT (l). All other parameters
are as shown in Tab. 2. For a 50 m thick Cu layer on the beam screen the results differ
by about one percent. The difference increases for smaller thicknesses of the Cu layer.
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4 APPLICATION TO FLHC
The overall FLHC parameters needed for the calculation are listed in Tab. 1. We
assume for the time being that the parameters of the beam screen in the FLHC are
identical to those of the LHC. For each layer, the material, the outer radius, the material
constants and the skin depth at the revolution frequency are shown in Tab. 7. The skin
depths are much larger than the thicknesses of the layers.




, material constants: rela-
tive permeability "
i




, and skin depth 
i
at the













- - mm mm - - Sm 1 mm
1 Beam 3 3 1 1 0
2 Vacuum 19 16 1 1 0
3 Cu layer 19.05 0.05 1 1 5:5  109 0.187
4 Steel screen 21.05 2.0 1 1 2  106 9.837
5 Vacuum 24.5 3.45 1 1 0
6 Outer chamber 30 5.5 1 1 1
4.1 FLHC Transverse Impedance Z
?
(f)
Fig. 2 shows the real and imaginary parts of the impedance of the FLHC vacuum cham-
ber over a wide frequency range for the vacuum chamber parameters listed in Tab. 7.
Both abscissa and ordinate have logarithmic scales. The real part of the transverse
impedance <Z
?
rises linearly at low frequencies, reaches a maximum, and then drops.
For frequencies higher than that where the thickness of the Cu layer on the beam screen
is comparable to its skin depth, <Z
?
drops asymptotically like 1=
p
f . The shape of
the curve is rather similar to that for the LHC, shown in Fig. 1. The values are higher
in the ratio of the radii of the two machines. Since the injection energy in the FLHC is
higher than in the LHC, the dip of Fig. 1 occurs beyond the right edge of the abscissa.
Tabs. 8 and 9 show the variation of the transverse FLHC impedance Z
?
at 1 Hz,
the frequency ^f where <Z
?





of the Cu layer and for two thicknesses d
4
of the stainless steel layer
on the beam screen. At 1 Hz, <Z
?





constant. The frequency ^f is roughly inversely proportional to d
3




is constant. Doubling the thickness of the stainless steel layer has little effect. A
comparison with Tabs. 3 and 4, respectively, shows that the the frequencies ^f are the
same and that the impedances scale in the ratio of the circumferences.
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Table 8: Transverse FLHC impedance Z
?
at 1 Hz, frequency ^f where <Z
?
reaches
its maximum, and its value there d<Z
?
for several thicknesses d
3
of the Cu layer on a













10 26.36 15.162 574 7.571
20 51.40 15.162 294 7.567
30 76.34 15.162 198 7.561
40 101.19 15.162 149 7.554
50 125.95 15.161 120 7.547
Table 9: Transverse FLHC impedance Z
?
at 1 Hz, frequency ^f where <Z
?
reaches
its maximum, and its value there d<Z
?
for several thicknesses d
3
of the Cu layer on a













10 26.75 15.162 566 7.554
20 51.78 15.162 292 7.565
30 76.72 15.162 197 7.560
40 101.57 15.162 149 7.567
50 126.33 15.161 119 7.547
Table 10: Comparison of the product of the average -function  = 431 m and the real




, and of the growth times  p
and  l at injection energy, computed with wall penetration factors (p) and LAWAT (l)
for several thicknesses d
3
of the Cu layer on a 2 mm and 4 mm thick beam screen.
The other parameters are shown in Tab. 2.
d
4



























 ms ms T
 T
 ms ms
10 1.088 3.041 60.96 21.81 3.282 3.055 20.21 21.70
20 1.632 3.131 40.63 21.18 3.265 3.123 20.31 21.23
30 1.741 2.621 38.08 25.30 2.689 2.612 24.66 25.38
40 1.656 2.163 40.04 30.06 2.202 2.157 30.11 30.75
50 1.514 1.816 43.80 36.51 1.842 1.812 36.00 36.60
10






Figure 2: Decimal logarithm of real (full line) and imaginary (dashed line) parts of the
transverse impedance in 
/m of the FLHC on a logarithmic frequency scale between
1 and 1010 Hz for the vacuum chamber parameters listed in Tab. 7
4.2 FLHC Resistive-Wall Growth rate
Despite the larger circumference of the FLHC, the maximum of the real part of the
transverse impedance d<Z
?
still occurs at frequencies ^f that are not much higher than
the frequency of the lowest unstable mode. We therefore continue evaluating the trans-
verse impedance at the frequency of the lowest mode, both with wall penetration fac-
tors and with LAWAT. Tab. 10 shows the results. When the real part of the transverse
impedances <Z
?
and the growth times  are computed with wall penetration factors,
they depend on the thickness of the stainless steel layer. When they are computed with
LAWAT, they do not. At d
3




and  1 are underestimated
by about 20 % with wall penetration factors. For smaller values of d
3
the discrepancy
is even larger, almost reaching a factor of 3 at d
3
= 10 m. At d
3
= 50 m and
d
4
= 4 mm, <Z
?
and  1 agree to better than 10 % between the two styles of compu-
tation. The calculation with wall penetration factors actually overestimates <Z
?
and
underestimates  . In the FLHC both <Z
?
and  vary by less than a factor of two when
d
3
changes from 10 m to 50 m, while in the LHC, 1=<Z
?




4.3 FLHC Effective Transverse Impedance Ze
?
Tab. 11 shows the real part of the effective transverse impedance Ze
?
of the FLHC
vacuum chamber as function of the thickness of the Cu layer on the beam screen. It
is computed either with wall penetration factors (p) or with LAWAT (l) in the same
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fashion as the corresponding LHC results in Tab. 6. All other parameters are as shown
in Tab. 7. The calculation with wall penetration factors underestimates the effective
impedance Ze
?
by about 25 % at d
3
= 50 m, by about a factor of three at d
3
= 20 m,
and goes completely wrong at d
3
= 10 m. The fact that Ze
?
reaches a maximum at
about d
3
= 20 m is surprising. The calculation with wall penetration factors can
be “salvaged”, and the agreement between the two styles is improved by artificially
increasing the thickness of the beam screen to d
4
= 4 mm [6].





of the Cu layer on a 2 mm thick beam screen, computed with wall


















We discuss a method to calculate the transverse impedance of a circular cylindrical
particle beam in a concentric vacuum chamber consisting of a number of layers of dif-
ferent materials. This method is applied to the calculation of the transverse impedance
of the LHC beam screen, made of 2 mm thick stainless steel with a thin inside layer of
copper whose thickness is varied from 10 to 50 m. The beam screen is surrounded
by a vacuum chamber which may be assumed to be perfectly conducting. The re-
sults over a wide range of frequencies are presented graphically. The real part of the
transverse impedance rises linearly at low frequencies, reaches a maximum at a few
hundred Hz, below the frequency of the lowest transverse mode, and drops at higher
frequencies, asymptotically like 1=
p
f at frequencies where the skin depth is smaller
than the thickness of the Cu layer.
Our results for the growth rates in the LHC are compared with previous calcula-
tions using wall penetration factors. For the thickest copper layer, i.e. at 50 m, our
results agree within about a percent, while for thinner layer our values are higher by
a few percent. The results of the calculation using wall penetration factors depend
on the thickness of the stainless steel layer while our results do not. Our results for
the effective impedance, i.e. the sum over the impedances at all betatron side bands,
weighted by the bunch spectrum, are higher than those with wall penetration factors,
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by about a percent for 50 m and a few percent for 10 m thick Cu layers on the beam
screen, as is the case for the growth rates.
The same calculations have also been done for an even larger machine, the FLHC,
assuming a similar beam screen as for the LHC. Here the revolution frequency is so
low that the skin depths at the lowest betatron side band are much larger than the thick-
nesses of the metallic layers forming the beam screen. In this case wall penetration
factors are no longer good approximations. When calculated with the LAWAT proce-
dure, the growth rates at the most unstable mode are independent of the thickness of
the stainless steel layer, and vary by less than a factor of two when the thickness of the
Cu layer d
3
is varied between 10 m and 50 m. The effective transverse impedance,
when calculated with the LAWAT procedure, reaches a peak at an intermediate thick-
ness of the Cu layer.
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APPENDIX
The computations described in this report are done with Mathematica Notebooks*.nb
and Packages *.m. The following files are available on WWW in the directory
http://wwwslap.cern.ch/ keil/Math/Lawat:
collectivePack.m Contains among other things the function skinDepthF that com-
putes the skin depth for resistivity  at frequency f .









of free space, rest energies E
p
of protons and E
e
of electrons in Volt, classical radii r
p
of protons and r
e
of elec-
trons, quantum constants C
p
for protons and C
e
for electrons which are 55=32
p
3
times the respective reduced Compton wavelengths.
lawatPack.m Computes the transverse impedance Z
?
at frequency f , machine radius
R, relativistic factor 
0










wallfactPack.m Computes the transverse impedance Z
?
at frequency f , machine ra-
dius R, relativistic factor 
0









using wall penetration factors.
flhc50mu.nb Produces Fig. 2 and the line for d
3
= 50 m in Tab. 8.
flhc50mu2mm.nb Computes the line for d
3
= 50 m in Tab. 8 and the line for d
3
=
50 m in Tab. 10.
















lhc50mu.nb Produces Fig. 1 and the line for d
3
= 50 m in Tab. 3.
lhc50mu2mm.nb Computes many LHC parameters, and in particular the line for
d
3
= 50 m in Tab. 3 and the line for d
3
= 50 m in Tab. 5.
Suggestions how to improve these notebooks and packages are welcome.
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